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ABSTRACT 
We determine the minimum number of 1s in an (irreducible) (0,l) matrix of 
order n such that for some integer k, all principal submatrices of order k, but not all 
of order k - 1, have a positive permanent. We also characterize the extremal 
matrices. 
1. INTRODUCTION 
Let n be a positive integer and let N = (1,2,. . . , n}. Let A = [aij] be a 
matrix of order n, and for (Y, p G N, let A[ (Y I p ] denote the submatrix of A 
* Research partially supported NSF Grant DMS-91-23318. 
’ Supported by a grant from TGRC-Kosef under the international cooperation program. This 
paper was written while the author was visiting the University of Wisconsin-Madison. 
LINEAR ALGEBRA AND ITS APPLICATIONS 226-228:409-421(1995) 
0 Elsevier Science Inc., 1995 0024-3795/95/$9.50 
655 Avenue of the Americas, New York, NY 10010 SSDI 0024-3795(95)00174-P 
410 RICHARD A. BRUALDI AND SUK-GEUN HWANG 
determined by the rows and columns indexed by CY and p, respectively. The 
permanent of A is defined by 
per A = xa,i,a2i, *** a,,,“, 
where the summation extends over all permutations (ii, is,. . . , i,) of N. One 
reason for the interest in the permanent is its significance as a combinatorial 
counting function. Let G = G[ N, N’] be a bipartite graph with vertex set 
N U N’, where N’ = {1’,2’, . . . . n’}, such that each edge is of the form 
{i, j’} for some i and j’ (thus N, N’ is a bipatiition for G). Suppose that A 
is the (0,l) bipartite-adjacency matrix for G in which a,j = 1 if and only if 
{i,j’} is an edge of G. Then per A counts the number of perfect matchings 
of G. 
Let CY be a subset of N and let (Y ’ be the corresponding subset of N’. 
Then there is a matching G which matches (Y and u ’ if and only if 
per A[ cy I (Y] # 0. Let k be an integer with 1 < k Q n. In this paper we are 
interested in matrices A for which the permanent of each principal submatrix 
of order k is different from zero. This is equivalent to the condition that 
every subset of N of cardinality k is matched in G with the corresponding 
subset of cardinality k of N’, that is, the induced subgraph G[ (Y, CY’] of G 
with vertex set (Y U a ’ has a perfect matching. 
Let o(A) denote the number of 1s in the matrix A. Let M(n, k) denote 
the set of all (0,l) matrices A of order n such that per A[ (Y I al # 0 for all 
subsets (Y of N of cardinality k and there exists a subset fi of N of 
cardinality k - 1 for which per A[ p, p ] = 0. Let 
f(n, k) = min{u( A): A E M(n, k)} (1) 
be the minimum number of 1s in a matrix in M(n, k). A matrix A in 
M(n, k) for which o(A) =f(n, k) is called k-critical. Note that if A is in 
M(n, k), then QAQ r is in M(n, k) for each permutation matrix Q of order 
r~, and that if A is k-critical, so is QAQ’. 
Recall that a matrix A of order n is reducible provided there exists a 
permutation matrix Q such that 
where 0 is a p X n - p zero matrix for some integer p with 1 d p Q n - 1. 
The matrix A is irreducible provided it is not reducible. Let D(A) be the 
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digraph with vertex set N in which there is an arc from vertex i to vertex j 
exactly when u,~ # 0. Then A is irreducible if and only if D(A) is strongly 
connected [2]. Let M *(n, k) denote the set of irreducible matrices in 
M(n, k) and let 
g(n,k) = min(a(A): A E M*(n,k)} (2) 
be the minimum number of 1s in a matrix in M*(n, k). A matrix A in 
M*(n, k) for which a(A) = g(n, k) is an irreducible, k-critical matrix. 
In this paper we determine f(n, k) and g(n, k), and we characterize the 
k-critical and irreducible, k-critical matrices. We clearly have: 
(i) f(n, n) = n and for A E M(n, n), a(A) = n if and only if A is a 
permutation matrix different from I,, 
(ii) f(n, 1) = n and for A E M(n, l), a(A) = n if and only if A = I,, 
(iii) g(n, n) = n and for A E M*(n, n), a(A) = n if and only if A is a 
full-cycle permutation matrix, 
(iv) g(n, 1) = 2 72 and for A E M*(n, l),a(A) = 2n if and only if A = 
I, + R, where R is a full-cycle permutation matrix. 
We now assume that 2 < k < n - 1. For each integer m we define the 
(0,l) matrix of order m: 
T, = 
0 
r 
1 
; t 
1 1 *** 1 
1 0 6.. 0 
0 1 *** 0 
. . . . . . . 
(j 0 ..: ; 
Since clearly I, _ 2 $ T, _ k + 2 E M(n, k) and u(Z~_~ CB T,_k+z> = 3n - 
2k + 1, we have 
f(n, k) < 371 - 2k + 1 (2<k,<n-1). (3) 
For each integer m > 1, let F, denote the (0,l) matrix of order m with 
1s on the main diagonal and on the superdiagonal. The number of 1s of F,, is 
2m - 1. For each integer r > 1, let e, denote the r X 1 matrix with a 1 in 
the last position and OS elsewhere, and let e: denote the 1 X T matrix with a 
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1 in the first position and OS elsewhere. Now let n,, . . . , nP be p integers 
with p > 1 and n, + *** +n, = n - 1. We define the (0,l) matrix of order 
n: 
Cn(n 1>“‘> np) = (4) 
The number of 1s of C,(n,, . . . , n,> is clearly p + 2n - 2. 
Letting p = n - k + 1, n, = *a* = nP_ 1 = 1 and nP = k - 1 in (4), 
we get an n X n matrix 
B= Tn-k+l eLl 
ek- 1 Fk-l 1. 
We have a(B) = 3n - k - 1, and clearly B has a (k - 1) X (k - 1) 
principal submatrix with permanent equal to 0. Let (Y c N be such that 
IcyI = k. If 1 e cr, then Ik Q B[ a 1 a], where, for two matrices X and Y of 
the same size X Q Y denoted that each entry of X is less than or equal to the 
corresponding entry of Y. If 1 E o, then T, @ Zk _ 2 < B[ a 1 a]. Thus in 
each case we have per B[ a I a] z 0. Since the digraph D(B) is strongly 
connected, the matrix B is irreducible. Thus B E M*(n, k) and hence we 
have 
g(n, k) Q 3n - k - 1 (2<k<n-1). (5) 
In this paper we prove that the inequalities (3) and (5) are in fact 
equalities and we determine all the k-critical matrices and all the irreducible 
k-critical matrices. 
2. CHARACTERIZATIONS OF k-CRITICAL AND IRREDUCIBLE, 
k-CRITICAL MATRICES 
In this section, we characterize the k-critical matrices and the irreducible 
k-critical matrices. We first prove a property for matrices in the set M(n, k) 
which gives some justification for the name “k-critical’ matrix 
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LEMMA 1. Let A be a (0, 1) matrix of order n and let k Q n - 1. If 
perA[aIcw]#OforaZZcwENwith~cwl=k,thenperA[aIa]#OforaZZ 
aENwithlal=k+l. 
Proof. It suffice to consider the case n = k + 1. So assume that n = 
k + 1 so that k = n - 1 and that per A[; I i] # 0 for all i = 1,2, . . . , n, 
where i = N \ (i}. Suppose to the contrary that per A = 0. Then the term 
rank of A is at most n - 1, and it follows from K&rig’s theorem (see, e.g., 
[2]) that there are n - 1 lines (i.e., rows and columns) which cover all the 1s 
in A.Thusthereexist cr,pcNwithlal+lpl=n- lsuchthat A[Zlp] 
is a zero matrix. If there is an i E a r-~ p, then A[i‘ I i] can be covered by 
n - 3 lines, namely, the rows with index in (x - (i} and columns with index 
in p - (i}. Then it follows that the term rank of A[; I i] is at most n - 3 and 
hence that per A[; I i] = 0, a contradiction. Therefore CY n P = 0. If (Y = 0, 
then]p]=n-land Ah as a zero column. Take any i E p. Then A[: I i] 
has a zero column too, so that per A[; I i] = 0, contradiction again. Thus 
(Y + 0. Similarly p # 0. After simultaneous permutation of rows and 
columns, we may assume that (Y = { 1,2, . . . , s}, /3 = {s + 1, s + 2, . . . , n - 
1) for some s with 1 < s < n - 2, and also that A has the form 
x z * 
[ 1 0 Y 0 0 * 0 
where X and Y are square matrices of orders s and n - 1 - s, respectively. 
Now we have an ]E] X ]p\{l]] zero submatrix A[ cl! I p \ {l}] of A[ i I i], 
which is impossible since I E I + 1 p \ {l]] = (n - I a 1) + (n - I P I - 1) = n 
and since per A[; 1 i] # 0. W 
Lemma 1 immediately implies the following theorem. 
THEOREM 2. Let k be an integer with 1 < k < n and let A be a (0, 1) 
matrix of order n. Then A E M(n, k) if and only if the following hold: 
(a) For each integer 1 with k < 1 < n, per A[ (Y I a] f 0 for all cx 5 N 
with ICx( = 1. 
(b) Foreachintegerlwithl<l<k,perA[aIa]=Oforsomea~N 
with 1~11 = 2. 
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In the remainder of the paper we assume that 2 Q k Q n - 1. 
Let A = [a,] be a matrix in M(n, k). Then it is straightforward to verify 
that A satisfies the following conditions: 
tr( A) Q n - 1, where tr( A) denotes the trace of A; (6) 
n n 
C aij > n - k + 1 and c ali > n - k + 1, for all i with aii = 0; 
j=l 1=1 
(7) 
n 
C uij > 2 and k uli > 2 for all i with uji = 1, ifalso A E M*(n, k). 
j=l I=1 
(8) 
LEMMA 3. Let A = [uij] be a k-critical matrix of order n. Then tr( A) # 
n - 2. 
Proof. Suppose to the contrary that tr( A) = n - 2. Without loss of 
generality we may assume that u,, = ug2 = 0 and as3 = .** = nnrr = 1. Let 
CY = {1,.2}. Then, since 
> i i aij + i k aij - 2 + 5 uii, 
i=r j=l j=l j-1 i=3 
we have a( A) > 4( 72 - k + 1) - 2 + n - 2 = 5n - 4k by (7). Thus from 
(31, it follows that 5n - 4k < 3n - 2k + 1, which is impossible. ??
Let J,,, denote the matrix of all 1s of order m. We now characterize 
k-critical matrices. 
THEOREM 4. Let f(n, k) be the function dejned by (1) and let A be a 
(0, 1) matrix of order n. Then the following hold: 
(a) f(n, k) = 3n - 2k + 1. 
(b) A is (n - l)-critical if und only if there is a permutution matrix Q 
such that either QAQ’I‘ = ( J3 - I,> @ I,_, or QAQ’ = T3 @ l,p,3. 
(c) For each integer k with 2 < k < n - 2, A is k-critical if and only if 
there is a permutation matrix Q such that QAQ’ = T,,_ k + 2 CB 1, _ p. 
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Proof. Assume that A = [a,,] is k-critical and let q = n - MA). Then 
q a 1 by (6). By simultaneous permutation of rows and columns, we can 
assume that a,, = 0 for i = 1,2,. . . , q. 
First assume that k = n - 1. Then by (7) we have 
5 aij > 2 (i = l,2,...,9) 
j=l 
so that 
a(A) a29 +n -9. (9) 
It follows from (3) that 
(T(A) <n+3, (IO) 
and hence n + 9 < n + 3, i.e., 9 < 3. Thus by Lemma 3, we have 9 = 1 or 
9 = 3. 
First suppose that 9 = 3. Then the inequalities (9) and (10) are in fact 
equalities and hence (T(A) = n + 3 = f< n, n - l), proving the validity of (a) 
and also that 
Thus by letting (Y = {1,2,3), we have A[E Ia] = 0 and A[z I El = It,-:l. 
Since also 
c aij 2 2 (j = 1,2,3), 
i=l 
we have 
so that a( A[cx I a]) = 6. This now implies that A[ (Y 1 (Y] = 0. Therefore we 
have A = (I3 - I,) @ I, _o. 
If 9 = 1, we can show in a similar way that A can be transformed, by 
simultaneous permutation of rows and columns, into the matrix T3 @ Zn_3. 
Since both (/s - Z3) @ I,_, and Ts @ I,_, are in M(n, n - l), it fol- 
lows that they are (n - l&critical, and the proof of (b) is complete. 
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NOW assume that 2 < k < n - 2. From (3) and (7) we have 
q(n-k+l) + n-q<o(A)g3n-2k+l, 
from which it follows that 9 < 2 + (l/(n - k)) and hence that 4 < 2. Thus 
by Lemma 3, 4 = 1 and hence ail = 0 and us2 = a** = a,,,, = 1. Now by 
(3) and (7) again we have 
3n - 2k + 1 > u(A) > 5 alj + 2 ai1 + tr( A) 
j=l i=l 
> 2(n -k + 1) + (n - 1) 
= 3n - 2k + 1. (11) 
Thus a( A) = 3n - 2k + 1, and (a) is proved for each k with 2 < k < 
n - 2. Since o(A) = 3n - 2k + 1, every inequality in (11) is an equality so 
that 
e alj = k ui, = n - k + 1 
j=l i=l 
and A[ i 1 /] = I,_ , . If k = 2, it is clear that A = T,,. Assume that k > 2. 
Then by simultaneous permutation of rows and columns, we may assume that 
Since A is k-critical, the submatrix 
0 la.01 H---l x I*- k+l 
of A of order n - k + 1 is 2-critical. It now follows from the case k = 2 that 
x is a (n - k + 1) x 1 matrix of 1s and hence y = 0. Therefore A = 
T n_k+2 fB Ik_2, as desired. Since the matrix Tn_k+s @ Ik_2 is clearly k- 
critical, the proof of(c) is complete. ??
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In the next theorem we characterize the irreducible k-critical matrices. In 
the sequel, we denote by R, the full-cycle permutation matrix of order n 
with 1s in positions (1,2), (2,3), . . . , (n - 1, n), (n, 1). 
THEOREM 5. Let g(n, k) be the function defined by (2) and let A be a 
(0, 1) matrix of order n. Then the following hold: 
(a) g(n, k) = 3n - k - 1. 
(b) A is an irreducible, (n - l)-critical matrix if and only if 
tr(A) <n - 1 
and there exist permutation matrices P and Q such that PAQ = I, + R,. 
(c) For each integer k with 2 < k =G n - 2, A is an irreducible, k-critical 
matrix if and only if there is a permutation matrix Q such that QAQ’ = 
C,(n,, n 2 ,..., n,_k+l), where 1 < ni <k - 1 for i = l,..., n - k + 1. 
Proof. We first let k = n - 1. Assume that A is an irreducible (n - l)- 
critical matrix of order n. From (7) and (8) we get (+(A) > 2n. Hence by (5), 
g(n, n - 1) = 2n, proving (a) f or the case k = n - 1. Moreover, a(A) = 
g(n, n - 1) = 2n implies that each line of A contains exactly two 1s. 
Suppose that PAQ = Z, + R, for some permutation matrices P and Q. Then 
it is easy to check that A is irreducible and per A[ i I j] > 0 for all i, j = 
1 > * . * , n. In particular, per A[; 1 i] > 0 for all i = 1, . . . , n. It is easy to see 
that A E M*(n, n - 1). Since (T(A) = 2n = g(n, n - l), we conclude that 
A is an irreducible, k-critical matrix. 
Conversely, suppose that there do not exist permutation matrices P and 
Q such that PAQ = I, + R,. Then there exist CY, p G N with 1 a( = I /3 1 = t 
< n and there exist permutation matrices P’ and Q such that PA[ (Y I P]Q = 
I, + R,. Since each row and each column of A[ (Y 1 p] contains exactly two Is, 
we see that A[ Y 1 p] = 0 and A[ (II I p] = 0 and hence that cr z p by the 
irreducibility of A. Let j E p \ cr. Then per A[j lj] = 0, contradicting A E 
M(n, n - 1). This completes the proof of the theorem for K = n - 1. 
Now let k be an integer with 2 < k < n - 2 and let A = [aij] be an 
irreducible, k-critical matrix of order n. Let 9 = n - td A). Then 9 > 1 by 
(6). By (51, (7) and (8), we get 
q(n - k + 1) + 2( n-q)Go(A)<3n-k-l, (12) 
which implies that 9 < 1, and hence that 9 = 1. However, with 9 = 1, (12) 
implies c+(A) = 3n - k - 1 and hence (a) holds. By simultaneous permuta- 
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tion of rows and columns, we can assume that a,, = 0 and a2a = *** = 
a nn = 1. Now (12) implies that 
i alj = k ail = n - k + 1 
j=1 i=l 
(13) 
and 
i a,,j = k ai,t = 2 (t = 2 ,...) n) (14) 
j=l i=l 
Let 6 be the set of all dicycles (directed cycles) of length at least 2 in the 
digraph D(A) of A. 0 ur matrix A will have the required form if we prove 
the following: 
(i) Each dicycle in 6 contains the vertex 1. 
(ii) Each vertex of D(A) other than vertex 1 is contained in exactly one 
dicycle of 8. 
(iii) Each dicycle of S has length at most k so that the number of 
vertices different from 1 in a dicycle of S is at most k - 1. 
(iv) JSJ = n - k + 1. 
(i) Let C E 6 be given and 1 e (Y be the set of vertices of C. If 1 e o, t 
then there is a permutation matrix Q of order 1 a I such that 
Q( Ab 1 d)Q?‘ = I,,, + R,,,. 
Then, since each of the row sums and the column sums of I,,, + R,,, is 2, it 
follows from (14) that A = A[ (Y I a] @ A[ E I i5], contradicting the irre- 
ducibility of A. 
(ii) Let i be a vertex of D(A) different from 1. Since D(A) is strongly 
connected, there is a dicycle of 6 containing i. It follows from (14) that every 
vertex of D(A) other than 1 is the initial vertex of exactly one nonloop arc 
and is the terminal vertex of exactly one nonloop arc. This easily implies that 
each vertex other than 1 is in exactly one cycle of 8. 
(iii) Suppose there is a dicycle C of 6 of length r where r > k + 1. By 
(i) the vertex 1 is contained in C, and C can be represented as 
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Let p = (1, ii, i,, . . . , i,_ &. Then I /3 I = r - 1 > k and it is easily checked 
thatperA[pIPl=O, contradicting the fact that A is in M(n, k). 
(iv) This is an immediate consequence of (i), (ii) and (13). 
To prove the converse assertion in (c), we suppose that, after simultane- 
ous permutations of rows and columns, A has the form 
Since D(A) is clearly strongly connected, A is irreducible. Let o! G N be 
such that 1~1 = k. For i = 1,2,. . . , n - k + 1, let 
,f?i=(mENI1+nl+ .-. +n,_l < m Q 1 + ft1 + *** +ni), 
where we let n,, = 0. Then A[ /3, I Pi 1 = F,,,. 
If I E (Y, then there is an i E {1,2,...,n -k + 1) such that pi G (Y. 
For, if not, then 
n-k+1 
(al - 1 = IQ - {l}l Q c (ni - 1) = k - 2, 
i=l 
implying that I a I G k - 1, a contradiction. Thus, without loss of generality, 
we assume that & G (Y. Then we see that Alar I al contains Cn,+,(n,) @ 
Z,,,_ n _ 1 as a submatrix and hence per A[ (Y I (Y I # 0. If 1 e CY, then clearly 
per Ata I cu] # 0. 
Since the first row of A contains k - 1 OS, including the (1,l) entry, we 
now conclude that A E M(n, k). Finally, since certainly a( A) = 3n - k - 1, 
we conclude that A is an irreducible, k-critical matrix, completing the proof 
of Cc). ??
3. CONCLUDING REMARKS 
As a corollary of (b) of Theorem 5, we obtain the following theorem 
characterizing matrices which can be transformed by permuting rows and 
columns into the matrix I, + R,. 
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THEOREM 6. Let A be a (0, 1) matrix of order n. Then the following are 
equivalent: 
(a) There exist permutation matrices P and Q such that PAQ = I, + R,. 
(b) A is irreducible, (+(A) = 2n, and per A[ i I j] > 0 for all i, j = 
1,2, . . . , 12. 
(c) A is irreducibb, a( A) = 2n, and per A[; 1 i] > 0 for all i = 
1,2, . . . , n. 
Proof. Since (a) implies (b) implies (c), we need only show that (c) 
implies (a). Assume (c) holds. For (a) it suffices to show that each line of A 
contains exactly two Is. We suppose not so that there is a line with exactly 
one 1. We may assume that the first row is such a line. Then there is a t E N 
such that a,, = 1 and alj = 0 for all j # t. If t # 1, then per A[? 1 t] = 0, 
contradicting (c). Since t = 1 contradicts the irreducibility of (c), we con- 
clude that every line contains exactly two 1s. If tr( A) < n, then 
A E M(n,n - 1) 
and hence A is an irreducible, k-critical matrix because a( A) = 2n = 
g(n, n - 1) and hence there exist permutation matrices P and Q such that 
PAQ = I, + R, by (b) of Theorem 5. If tr( A) = n, then A = I, + S for 
some permutation matrix S, and the irreducibility of A implies that S is a 
full-cycle permutation matrix. ??
It is natural to consider the set W(n, k) of all (0, 1) matrices of order n 
such that perA[olp]#O for all (~,pcN with lal=Ipl=k, but 
perA[aI/3]=0 for some (Y, p c N with llyl = 1 PI = k - 1. Let 
h(n, k) = min{a(A) I A E W(n, k)). 
Let S be the set of all k-subsets of N endowed with the lexicographical 
order. Given a (0,l) matrix A of order n, the k th combinatorial compound 
of A is the (0,l) matrix Ct( A) of order 
0 
; with entries indexed by S X S 
whose ( (Y, /3>-entry is 1 if and only if per A[ (Y I /3] # 0 [l]. Notice that 
A E M(n, k) if and only if C,*< A) h as a positive main diagonal for all r > k, 
but C,*(A) has an 0 on the diagonal for each integer r with r < k. The 
matrix A belongs to W(n, k) if and only if CT< A) is a matrix of all 1s for all 
r > k, but not for any r < k. It is easy to determine the minimum number 
h(n, k) of 1s in a matrix in W(n, k). Let A E W(n, k). Then A does not 
contain a p X q zero submatrix with p + q = k + 1, and hence each line of 
A contains at least n - k + 1 1s. Therefore a(A) > n(n - k + 1). In fact, 
I, + R, + R2, + ... +Rk-” is a matrix in W(n, k) with exactly n - k + 1 Is 
in each line and hence we have the following easy fact. 
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THEOREM 7. L,et 1 Q k < n and let A be a (0,l) matrix of order n. Then 
h(n, k) = n2 - kn + n, and A E W(n, k) with a(A) = h(n, k) if and only 
if each row of A contains exactly n - k + 1 1s and A does not contain a 
p X q zero submatrix with p + q = k + 1. 
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